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Abstract
Adaptive filtering in the DFT domain is popular for
its computational efficiency and its attractive convergence properties resulting from the applicability of the
FFT and separate adaptation of individual DFT bins.
Narrowband algorithms assume a complete decoupling
of different frequency bins, which corresponds to assuming a circulant structure for the input data matrix. Wideband designs account for the difference
between the actual Töplitz structure and the circulant structure by introducing additional constraints.
In this contribution, we show that a wideband approach with rigorous implementation of appropriate
constraints leads to highly efficient algorithms with
excellent convergence properties. As examples we consider multichannel acoustic echo cancellation (MCAEC) and blind source separation (BSS) of convolutive mixtures.
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Introduction

Adaptive filtering in the DFT domain not only exploits the computational efficiency of linear filtering
in the DFT domain [1], but it also promises superior
convergence behavior compared to most time-domain
adaptation algorithms [2].
In many cases, such DFT-domain adaptive systems
are designed under the assumption that individual frequencies of the input signal(s) can be considered independently from each other. This implicitly assumes
that the input can be described by a set of countable
complex exponentials as eigenfunctions of the linear
system. This “narrowband signal model” is especially
popular in adaptive beamforming and blind source
separation (BSS). However, especially for nonstationary signals, time-limitation implying continuous spectra has to be accounted for by a “wideband signal
model”. In this paper we show that
- the difference between narrowband and wideband
signal model reduces to the difference between circulant and Töplitz matrices,
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- this difference is acknowledged in some practically
important cases already in a more or less empirical manner,
- a systematical extension of Töplitz matrices to
circulant matrices leads to new algorithms for
wideband signals that include the already known
remedies as special cases and exhibit truly optimum behavior,
- the practical impact of a wideband signal model
for MC-AEC and convolutive BSS is significant.

2

Wideband vs. narrowband signals

In the discrete time domain, the output signal ŷ(n) of
an FIR filter at time n is
ŷ(n) = xT (n)ĥ,
(1)
where the input signal vector x and the impulse response ĥ of length L are given by
x(n) = [x(n), x(n − 1), · · · , x(n − L + 1)]T , (2)
ĥ = [ĥ0 , ĥ1 , · · · , ĥL−1 ]T .
A block of L output samples ŷ(m) reads

(3)

ŷ(m) = UT (m)ĥ,
where m is the block time index, and
ŷ(m) = [ŷ(mL), · · · , ŷ(mL + L − 1)]T ,
U(m) = [x(mL), · · · , x(mL + L − 1)].
Obviously, U is a Töplitz matrix of size L × L:
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We observe that UT (m) is circulant only if x(mL +
k) = x(mL − L + k), i.e., if x(n) is a periodic signal
with period L/κ, κ ∈ {1, 2, . . . , L}. We note that such
signals x(n) are described by a finite Fourier series
x(n) =

L−1
X
i=0

ci ej

2πin
L

,

(8)

i.e., by at most L complex exponentials. Applying the
L × L DFT matrix FL with elements fik = e−j2πik/L
to (4) we write
FL ŷ(m) = FL UT (m)ĥ = FL UT (m)F−1
L FL ĥ,

(9)

and note that iff UT (m) is a circulant fulfilling (8),
then UT (m) is diagonalized by the DFT matrix:
FL UT (m)F−1
L

with according gradients of first order or higher order
for minimization of the respective cost functions.
For simplicity, the main idea is illustrated for the
case of a linear single-channel supervised adaptive filter: According to Fig. 1, the error signal at time n
between the output of the adaptive filter ŷ(n) and the
desired output signal y(n) is given by
e(n) = y(n) − ŷ(n).

= diag {FL x∗1 (mL)}
=: diag {x(m)} =: X(m), (10)

y(n)

where x∗1 (mL) denotes the first column of UT . Thus,
the linear filtering operation is equivalent to a circular
convolution and can be written as
ŷ(m) = X(m)ĥ,
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^
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-

(11)

where ŷ(m), x(m), ĥ are the DFTs of ŷ(m), x∗1 (m), ĥ,
respectively. If (8) is not fulfilled, x(m) cannot capture the differences between the actual Töplitz matrix
and the assumed circulant matrix and (11) does not
describe linear filtering [1].
To exploit the efficiency of FFTs for linear filtering
of arbitrary signals x(n), the evaluation of (4) in the
DFT domain should be carried out so that the difference to a circulant UT (m) does not affect the output.
The two popular approaches coincide with the respective signal models:
Wideband signal model: Exploit the fact that for
arbitrary x(n) (4) yields equivalent results for
circular and Töplitz matrices if only the first
K < L elements of ĥ are nonzero and only the
first L − K + 1 elements of ŷ(m) are considered as
useful output. This leads directly to the ’overlapadd’ and ’overlap-save’ algorithms [1].
Narrowband signal model: Choose L sufficiently
large so that x(n) seems to be reasonably well
represented by (8), which still implies that x(n)
has a discrete Fourier spectrum.
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(12)

Figure 1: Single-channel supervised adaptive filter.
For the block error signal of length L we write based
on (12) and (1)
e(m) = y(m) − ŷ(m),
where
e(m) = [e(mL), · · · , e(mL + L − 1)]T , (14)
y(m)

= [y(mL), · · · , y(mL + L − 1)]T . (15)

This error definition and its DFT form the basis for
the adaptive filtering algorithms below.

3.1

Narrowband signal model

Adaptive filtering in the DFT domain based on a narrowband signal model (see Section 2) is characterized
by the following steps [4] as illustrated in Fig. 2:
Step 1: Running or (possibly overlapping) block
DFTs for each input channel (short-time Fourier
transformation (STFT))
Step 2: Independent scalar adaptive filtering for each
frequency bin
Step 3: Synthesis of output signal(s) by inverse
DFT(s)

A general approach to adaptive linear filtering in the DFT domain
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The distinction between narrowband and wideband
signal models from Section 2 is now carried over to
the design of adaptive filtering for arbitrary signals.
By way of a simple and well-known example, we introduce a very general design method for wideband
DFT-domain adaptive filtering algorithms that recently led to powerful algorithms for very challenging
applications such as MC-AEC and convolutive BSS
[11, 12, 16, 17, 18]. This concept is applicable to a
broad class of adaptive filtering problems: Supervised
and unsupervised systems with single or multiple inputs and outputs, respectively, with optimization criteria based on second-order or higher-order statistics,
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Figure 2: Illustration of narrowband approach.
As an example we consider an RLS-type adaptation algorithm1 , which minimizes the exponentially weighted
1 RLS-type algorithms are chosen because of their optimum
convergence behavior w.r.t. a given quadratic cost function

squared error in the k-th DFT bin, |e(k) (i)|2 , for
k = 0, . . . , N − 1:
JNB,k (ĥ

(k)

(m)) = (1 − λ)

m
X

λm−i |e(k) (i)|2 ,

(16)

i=0

This narrowband DFT-domain RLS algorithm operates independently in each DFT bin and can be summarized (based on (11) and (13)) as follows:
S(m)

= λS(m − 1) + (1 − λ)XH (m)X(m),(17)

e(m)

= y(m) − X(m)ĥ(m − 1),

ĥ(m)

= ĥ(m − 1)
+(1 − λ)S−1 (m)XH (m)e(m).

(18)
(19)

As its main advantages, the low computational complexity and the structural simplicity of the concept
make it seemingly attractive for implementation in
many application scenarios. However, major disadvantages when used for arbitrary signals x(n) are:
Sub-optimum convergence properties. In
the
case of supervised adaptive filtering, convergence
to the Wiener solution is not assured due to
coupling of the DFT bins.
Large transform lengths L are needed to justify
the narrowband signal model (see Section 2).
Signal distortion due to artifacts caused by circular
filtering effects (i.e., insufficient approximation of
(4) in the DFT domain).

3.2

Wideband signal model

To avoid errors caused by differences between the desired circulant and the actual Töplitz matrix for wideband signals, linear filtering in the DFT domain (i.e.
overlap add/save) requires windowing/zero-padding of
data, i.e., the introduction of constraints. The crucial
question we want to answer here is: How can these
constraints be systematically introduced into adaptive
filtering algorithms?
As a key observation, we note that any Töplitz matrix U can be expanded to a circulant [3, 11, 12]
 0T

U (m) UT (m)
C(m) =
,
(20)
UT (m) U0T (m)
where U0 is also a Töplitz matrix using the same data
samples as U(m) (except for an arbitrary element
along the main diagonal). This allows for a compact
and exact matrix formulation of the Töplitz matrix
UT (m) in terms of the DFT of the input signal x(n)
[12]:
UT (m)

01
10
= WL×2L
C(m)W2L×L

=

Here, we introduced the windowing matrices

(21)

01
10
WL×2L
F−1
2L X2L (m)F2L W2L×L .(22)

01
WL×2L

= [0L×L , IL×L ],

10
W2L×L

= [IL×L , 0L×L]T ,

and the diagonal matrix X2L (m), which can be written in terms of the elements of the first columns of
C(m),
X2L (m) =
diag{F2L [x(mL − L), · · · , x(mL + L − 1)]T }. (23)
Based on this, a general method for designing wideband adaptive filtering algorithms involves:
Step 1: Formulate an exact wideband cost function
in terms of DFT matrices and suitable windows
based on (22).
Step 2: Minimize the cost function w.r.t. the DFTdomain filter coefficients in order to obtain an
“exact” algorithm.
Step 3: Examine the various constraints appearing in
the algorithm resulting from Step 2 and selectively
approximate them for more efficient algorithms.
Analogously to the narrowband case we consider as an
example an RLS-type DFT-domain supervised singleinput/single-output adaptive filter which minimizes
the cost function
m
X
λm−i eH (i)e(i).
J(m) = (1 − λ)
(24)
i=0

A rigorous derivation [12] yields the following generic
algorithm (as illustrated in Fig. 3):
S2L (m)

= λS2L (m − 1)
+(1 − λ)XH
2L (m)G1 X2L (m)

(25)

e2L (m)

= y2L (m) − G2 X2L (m)ĥ2L (m − 1)(26)
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· XH
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of length L = 1024 were used to model impulse responses of length 4096. While the wideband algorithm
according to [12] was used with DFT-length 2L and
block overlap factor of 4 (for P = 1, 2) and 16 (for
P = 5), for the narrowband algorithm a tenfold DFT
length (20L) and overlap factor (40 and 160 respectively) had to be chosen to achieve the convergence
behavior of Fig.4. Clearly, this choice reduces the
potential computational advantage of the narrowband
approach while the convergence of the wideband algorithm to higher echo suppression (ERLE: echo return
loss enhancement) is by far superior.
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Figure 3: Generic SISO supervised FDAF as an example for the wideband approach.
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This example highlights the structural similarity between wideband and narrowband adaptive filtering,
but also the decisive differences: The wideband structure strictly prevents circular filtering artifacts and
accounts for the coupling of different DFT bins by the
constraints Gi . Some of the constraints in this example have been previously proposed: G2 in [5, 6, 7]
and G3 in [5] and the resulting algorithms can be
seen as efficient versions of the generic algorithm. Unlike the narrowband algorithm, the generic wideband
algorithm and the mentioned approximations can be
shown to converge to the Wiener solution for arbitrary
wideband signals [12]. Moreover, the generic wideband algorithm can be straightforwardly extended to
partitioned FIR filters [8, 9, 10, 12] and can also
be generalized to the multichannel and MIMO cases
[11, 12]. Beyond that, the concept is also applicable to
non-quadratic cost functions [13] which are useful to
obtain robust algorithms in the presence of nongaussian distortions.

4

Applications

To demonstrate the superiority of rigorously derived
wideband algorithms over narrowband algorithms, we
consider two challenging adaptive filtering tasks.

4.1

MC-AEC

Multichannel acoustic echo cancellation (MC-AEC)
differs from single-channel AEC mainly in that - by
use of a single error signal - multiple systems with
correlated inputs must be identified instead of a single
system [11]. For RLS-type algorithms this implies a
condition number of the autocorrelation matrix which
worsens with increasing channel number and, accordingly, requires better adaptation algorithms [12]. The
impact of a rigorously derived wideband DFT-domain
algorithm becomes obvious from simulation results as
shown in Fig.4. For P = 1, 2, 5 loudspeaker channels emitting filtered speech, P adaptive FIR filters
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Figure 4: MC-AEC performance of the wideband approach (solid) and the narrowband approach (dashed).

4.2

BSS for convolutive mixtures

Blind source separation aims at separating P sources
from Q sensor signals containing convolutive mixtures
of the desired source signals, which are assumed to
be statistically independent. By transforming the signals into the DFT domain, the convolutive mixtures
in the time domain become scalar mixtures for each
DFT bin. So far, most DFT-domain BSS algorithms
are based on the narrowband signal model, which implies decoupled scalar BSS problems in each DFT bin.
However, this inevitably causes the so-called internal
permutation problem: E.g., for P = Q = 2, the separated DFT bins for sources A and B cannot be aligned
so that all bins with components of A appear at one
output of the BSS system, while all bins for B appear at the other. Whereas most current DFT-domain
BSS algorithms include empirical repair mechanisms
for the internal permutation problem, the circular filtering problem remains [15]. For P, Q > 2 these difficulties are known to become even more serious. A
strictly wideband approach, however, inherently solves
both problems [16, 18]. This is illustrated in Fig.5
for P = Q = 2: The mixtures of two speech signals of 10s duration, sampled at 16kHz, were recorded
in a room with reverberation time T60 = 150ms. A
wideband off-line BSS algorithm according to [16] and
the corresponding narrowband algorithm were applied

with demixing filter length L = 512. Obviously, for
the wideband algorithm the two outputs converge to
about 15dB separation gain, whereas, as to be expected, the narrowband algorithm converges to no separation at all because the internal permutation problem remains unsolved.
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Figure 5: BSS performance of the wideband approach
(solid) and the narrowband approach (dashed).
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Summary and Conclusions

In this paper, we highlight the importance of strictly
observing the wideband nature of the input signals
when designing adaptive filtering algorithms if the
narrowband signal model is not perfectly valid. Identifying the expansion of a Töplitz matrix to a circulant
as a key for a rigorous derivation of a broad class of
optimum wideband algorithms, we demonstrated the
impact of the wideband signal model onto the resulting algorithm by way of a simple example. The importance of the constraints introduced by the wideband
signal model becomes even more evident in the simulation results as presented for challenging adaptive
filtering tasks such as multichannel acoustic echo cancellation and blind source separation for convolutive
mixtures: Here we found recently published wideband
algorithms to be far superior compared to corresponding narrowband algorithms.
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